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Up and down cascades: Three-dimensional magnetic field model
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In our previous works we already have proposed a two-dimensional model of geodynamo. Now we use the
same approach to build a three-dimensional self-excited geodynamo model that generates a large scale mag-
netic field from whatever small initial field, using the up and down cascade effects of a multiscale turbulent
system of cyclones. The multiscale system of turbulent cyclones evolves in six domains of an equatorial
cylindrical layer of the core. The appearance of new cyclones is realized by two cascades: a turbulent direct
cascade and an inverse cascade of coupling of similar cyclones. The interaction between the different domains
is effected through a direct cascade parameter which is essential for the statistics of the long-life symmetry
breaking. Generation of the secondary magnetic field results from the interaction of the components of the
primary magnetic field with the turbulent cyclones. The amplification of the magnetic field is due to the
transfer of energy from the turbulent helical motion to the generated magnetic field. The model demonstrates
a phase transition through the parameter characterizing this energy transfer. In the supercritical domain we
obtain long-term intervals of constant polarity~chrons! and quick reversals; relevant time constants agree with
paleomagnetic observations. Possible application of the model to the study of the geometrical structure of the
geomagnetic field~and briefly other planetary fields! is discussed.
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I. INTRODUCTION

The magnetic field of the Earth is a natural phenomen
that has been widely used in practical human life from v
ancient times, but whose origin and mechanism are not c
pletely clear up to now. Our knowledge of the properties
the geomagnetic field comes from paleomagnetic data~not
very precise! and recent observations that are prec
enough, but encompass a very short period in the geolog
time scale. Some features of the field are however well
tablished. At the Earth’s surface it is for the main part, m
of the time, equivalent to the magnetic field of a dipole
cated at the center of the Earth whose axis is not far from
axis of the Earth’s rotation. Taken in average over a f
thousands years, this dipole is aligned along the rotation a
Paleomagnetic data show that the dipole changes its pol
from time to time, completing the so-called polarity reve
sals. The durations of reversals~of the order of 103 years! are
short compared with the durations of constant polarity,
ferred to as chrons~from 105 to 106 years!. The amplitude of
the magnetic field exhibits strong temporal variations dur
chrons, but never remains close to zero for a long time~in
the geological sense!.

It is generally believed that the geomagnetic field is
result of a dynamo process in the metallic fluid core of
planet. A lot of theoretical works and numerical simulatio
have been devoted to the construction of models of this p
cess. Let us quote only three of the different approac
considered in recent times.

First, simple analog models, such as the disk dyna
@1–3#, leading to a few coupled differential equations, ha
been considered.

Second, there have been several attempts to mode
effect on a magnetic field of a small scale turbulent motion
the core fluid. In some models, in particular, Refs.@4–7#, the
1063-651X/2002/65~6!/061105~11!/$20.00 65 0611
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effect of a turbulent small scale motion on a large scale m
netic field is estimated through a mean field theory and
shown to generate a large scale secondary magnetic fiela
effect!. This mechanism is characterized by a scalar fielda
~in the core!, which is generally givena priori in the so-
called nearly axisymmetric dynamo models@8–13#. Re-
cently, stochastic geodynamo models based on the mean
approach also appeared@14#.

A third approach consists in the building of impressi
numerical codes to solve directly the relevant magnetohyd
dynamic equations, which has given rather spectacular
sults ~see, e.g.,@15# for a review!. Nevertheless, in all the
models constructed so far@16–24#, the numerical values
given to the parameters are not relevant for the core.
example, the Ekman number, which measures the importa
of viscous effects, is never taken smaller than 1025 whereas
the value relevant for the core is probably 10215. So, hyper-
viscosity is introduced in most of the models. The same p
cedure is most often applied to thermal and magnetic di
sivities~whose ratios to the kinematic viscosity are measu
by the Prandtl and magnetic Prandtl number!, introducing the
so-called hyperdiffusivities. This procedure, however ess
tial in the numerical work, to enhance the dissipation
higher spectral components of the fields, which cannot
resolved numerically, is hard to justify theoretically~consid-
ering that some kind of turbulent viscosity in the core r
duces the gap, but this viscosity would probably be hig
anisotropic@25#!. And unfortunately the effect of hypervis
cosity or hyperdiffusivities on the larger scale solution
difficult to access~e.g.,@18,26,27#!.

It is interesting to note that most of the numerical mod
produced in the last few years succeeded~even with Ekman
numbers close to 0.1! in producing an external field domi
nated by an axial dipolar component, and even, in so
©2002 The American Physical Society05-1
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cases, reversals of the dipoles~although computations are no
carried out long enough to allow any statistics!. This would
lead to an optimistic view about the models capturing ess
tial features of the geomagnetic field generation, should
the generation mechanisms in the models be so differ
‘‘some models generate the magnetic field by chaotic m
tions inside the cylinder tangent to the inner core~e.g.,@16#!,
others by chaotic motions outside this cylinder@21,22#; some
propose a gianta effect in columnar structures comparab
to nonmagnetic convection rolls~e.g.,@28,29# or @20#!; some
stress the role of boundary layers~e.g., @30#! in the field
generation while others artificially suppress the
@19,21,22,31#!.’’ Busse’s statement ‘‘the impression current
in vogue that the problem of the origin of the Earth’s ma
netic field had been solved is overly optimistic’’@31# still
holds even now. This is not, of course, to question the
portance of numerical codes that meet an increasing suc
but the present status of the geodynamo problem does
preclude efforts along different lines@3,14#.

The application of hierarchical cascade models to
simulation of the magnetic field started with@32#, where the
idea of thea effect was combined with an inverse cascade
the small scale turbulence. The model developed in@33# pro-
duced long-life breaks of symmetry in a basically symme
multiscale turbulent model because of the coworking of b
direct and inverse cascades. Interacting with a constant
mary magnetic field, the system of cyclones of the mo
generates a secondary magnetic field; the breaks of sym
try of the cyclones system give rise to periods of time wh
the secondary magnetic field keeps a constant sign, w
are the chrons of the model. In@34#, the model was made
similar to an autoexcited dynamo; there is no longer a
preexisting primary field. Models@33,34# give rather realistic
pictures of the evolution of the geomagnetic field~on geo-
logical time scales!, but they are rather two dimensional~2D!
in nature~although with a hint of 3D!, and no localization is
possible inside the dynamo volume. We will not repeat f
ther here the general considerations concerning the ge
namo anda effect @33,34#, but will make a step forward
from a two-dimensional model of the turbulent motion in t
liquid core to a three-dimensional model of multiscale turb
lence.

The present work uses the principle of the two-sides c
cade model of@33#; we apply it to a three-dimensional sy
tem of three-dimensional cyclones, although again disc
in space. A three-dimensional additional magnetic field
generated at each time by the interaction of the magn
field existing at this time and the multiscale system of c
clones. The evolution of the cyclones has features simila
those encountered in the previous models@33,34#, but the
mechanism of the interaction of the cyclones with the m
netic field is different. Each component~in a Cartesian
frame! of the local magnetic field interacts with the syste
of cyclones and makes a contribution to the two other co
ponents of the field. The system can become autoexcited,
we can investigate which kind of condition determines
amplification process, the dipolar geometry, and the cha
teristics of the evolution of the generated magnetic fie
which displays long-life chrons and quick reversals.
06110
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Physical assumptions entering the general constructio
the model are presented in Sec. II. Section III contain
step-by-step description of the evolution of the system
cyclones. The evolution of the magnetic field is described
Sec. IV. The choice of the parameters of the modeling a
the results are presented in Sec. V. Possible extensions o
model and the physical sense of the obtained results are
cussed in Sec. VI.

II. BASIC ASSUMPTIONS

In order to construct a model of a self-excited thre
dimensional geodynamo we adopt some assumptions a
the processes taking place in the liquid core of the Earth,
make some simplifications concerning the geometrical pr
erties of the volume where the geomagnetic field is gen
ated. Some of our simplifications may be strong, and
discretization used in the model is rather rough; neverthel
we try to construct quite a general model where all effe
and results are easily understandable.

As a basis of our model we use again a multiscale sys
of cyclones governed by both a usual direct turbulent c
cade and an inverse cascade due to electromagnetic coup
in @33# this system was shown to produce amplification a
polarity reversals of the secondary magnetic field. T
present three-dimensional construction naturally realize
self-exited dynamo model as in@34#, but now each compo-
nent of the magnetic field interacts with the system of c
clones in such a way as to produce a secondary magn
field contributing to the two components orthogonal to itse
and so on.

We consider that we construct our model in an equato
symmetric band of the core; this allows us to neglect
spherical form of the Earth while conserving axial symme
with respect to the axis of rotation. The main idea of t
space discretization consists in subdividing the conside
layer into several domains in each of which it is possible
choose a local basis of coordinates with theX axis normal to
the core surface, theY axis tangential to the core surface, an
theZ axis parallel to the Earth’s rotation axis. This approa
allows us to consider each of these domains separately an
neglect in each of them the change of the normal to the c
surface. The global magnetic field is then built as the vec
sum of the local magnetic fields generated in the same
in each of the local domains.

The idea of discretization is transferred from the spa
volume to the type of cyclones. Although the orientation
3D cyclones in a 3D space may be quite arbitrary, we c
sider only 12 basic kinds of cyclones determined by the o
entation of the motion with respect to the local basis ax
The continuous evolution of the state of cyclones is rep
sented by two discrete states, as in@33#, and the stochastic
transition from the first to the second state is also as in@33#.

The model we develop in the following uses a rather a
stract and schematic representation of a developed tu
lence in the core and also an abstract mechanism of mag
field generation. A comparison with detailed magnetohyd
dynamics~MHD! computations as the ones recalled in t
5-2
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UP AND DOWN CASCADES: THREE-DIMENSIONAL . . . PHYSICAL REVIEW E 65 061105
Introduction is not straightforward, although the basic idea
the same: fluid motion~here a schematic multiscale helic
motion with up and down cascades! and a magnetic field
~which we represent in each domain by a vectorH
(Hx ,Hy ,Hz), the largest scale component of an actua
multiscale field! can interact in such a way as to give lon
constant polarity time intervals and reversals of the resul
field. Magnetic field generation and electromagnetic inter
tion of cyclones are images of, respectively, the induct
equation and the Lorentz force. One can also say that
build a mechanism for transferring energy from the cyclo
motion to the magnetic field, the transfer depending on
scale of the cyclone. We intend to make the corresponde
between MHD and our abstract model clearer in a dedica
paper.

A. System of interacting domains

The considered volume of liquid core of the Earth is su
divided in six domains defined by their sections in the eq
torial plane~Fig. 1!. As said above, each domain has a lo
coordinates system (X(k),Y(k),Z(k)) with the Z(k) axis paral-
lel to the Earth’s rotation axis, the X axis normal to th
surface of the core and the Y axis tangential to this surf
~Fig. 1!. We characterize the magnetic field in each domaik
by a vectorH(k) ~referred to below as the magnetic fie
vector ofkth domain!, which is decomposed into the vecto
sum of its three orthogonal components in the local basi

H(k)5Hx
(k)1Hy

(k)1Hz
(k) , ~1!

wherek51, . . . ,6 is theindex of the domain, and coordi
nates ofHx

(k) Hy
(k) andHz

(k) in the local basis~of kth domain!
are (Hx

k,0,0), (0,Hy
k,0), and (0,0,Hz

k), respectively.
The magnetic fieldHk of a domain is, of course, not con

fined in this domain. LetP be a point of the rotation axis a
distanced from the Earth’s center, and consider the total fie
H ~resulting from the contribution of the 6 domains! at P.

Choosing a global Cartesian frameX, Y, Z (Z is again
along the rotation axis!, Hx , Hy , Hz being the component
of H, it becomes

FIG. 1. Local basis in a domain of the Earth.
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Hx5 (
k51

6

~Hx
(k)hxx

(k)1Hy
(k)hxy

(k)!,

Hy5 (
k51

6

~Hx
(k)hyx

(k)1Hy
(k)hyy

(k)!, ~2!

Hz5 (
k51

6

Hz
(k).

hxx
(k) is a factor determining essentially the projection of t

local axisX(k) on the globalX axis; hxy
(k) corresponds to the

projection of theY(k) ontoX; hyx
(k) to the projection ofX(k) on

Y; hyy
(k) to the projection ofY(k) on Y. For symmetry reasons

the hi j
k depend ond the same way for allk.

The evolution ofH will be considered in the following
and compared to the observations.

Remark. The number of sectors,n, has been chosen equ
to six as the result of a compromise: not to make the co
putations too lengthy while conserving as much as poss
the symmetries of the equatorial cylindrical layer. The va
of this compromise has been tentatively checked~not how-
ever by full computations!: the behavior of the model is no
significantly changed forn.6, and it would remain qualita-
tively unchanged forn54.

B. Turbulence and cyclones

A multiscale turbulence is assumed to exist in the liqu
core of the Earth. Interaction of localized vortices has be
studied in@35–39#. The study of the MHD of a helical flow
can be found in@40#; fully developed MHD turbulence ha
been considered in@41,42#. We adopt here a more phenom
enological point of view. The turbulence generates a mu
scale system of cyclones in each domain. Due to the a
symmetry of the Earth we postulate the same statistical p
erties of the turbulence in all six domains. Each cyclone
determined by its direction of motion and its orientation
rotation. In order to simplify the model, only cyclones d
rected along the basis axes are considered: in each do
themotionof a cyclone is parallel to one of the three axes
the local basis (X(k),Y(k),Z(k)); we denote cyclones moving
alongX, Y, Z asLx , Ly , andLz , respectively. The motion
of a cyclone can be positive or negative with respect to
direction of the axis; therotation of the cyclone will be con-
sidered positive or negative depending on the sign of
rotation with respect to its translation~right-handed orienta-
tion is taken as positive! ~Fig. 2!. Eventually, 12 kinds of
cyclones (433) are considered in each domain. The size
a cyclone is determined by its scale levell 51, . . . ,L as
follows:

s~ l !5s0r l , ~3!

wherer.1; the size of a cyclone grows with its levell.
The temporal evolution of cyclones is schematically e

pressed by two possible states:strong or weak. A cyclone
always appears in the strong state and can be disintegr
~disappear! only in the weak state.
5-3
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The evolution of the system of cyclones is governed
five independent processes~Fig. 3, see also@33#!.

~1! Turbulent appearance of new strong cyclones at
levels of the system~direct cascade!.

~2! Coupling of strong cyclones of the same kind at lev
l and generation of a new cyclone of the same kind at hig
level l 11 ~inverse cascade!.

~3! Relaxing of strong cyclones: the strong state of c
clones changes into the weak state.

~4! Annihilation of close cyclones of different kinds
strong cyclones become weak, weak cyclones disappea

~5! Disintegration of weak cyclones and generation
new cyclones of the same kind at all inferior levels~direct
cascade!.

C. Interactions between the system of cyclones and the
magnetic field

An helical motion in the core produces an electric curr
when a primary magnetic field is present. This current,
turn, generates a secondary magnetic field that adds to
primary one. This is the mechanism working in thea effect
where, however, only small scale helical motions are con
ered. The extension to our schematic multiscale flow is
straightforward; but we stick, in the present paper, to a ra
abstract formalism. As the magnetic field vectorsH(k) are
discretized along the three orthogonal components, it is e
to describe the interaction between turbulent cyclones
H(k), as well as the secondary magnetic field generation.
sic ideas and assumptions are as follows.

~1! Cyclones in thekth domain interact only with the
local magnetic field vectorsHn

(k) (n5x,y,z), and the second
ary magnetic field generated is also added to the local m
netic field of this domain. Any influence of other domains
neglected at this step.

FIG. 2. Different kinds of cyclones relevant to theZ axis of the
local basis.
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~2! Cyclones with motion along ther th axis L r( l ) (r
5x,y,z) interact with the two componentsHn

(k) orthogonal
to the r axis (nÞr ,n5x,y,z).

~3! The generated secondary magnetic field vector,H̃m
(k) ,

is orthogonal to both the direction of the cyclone motionr
and the vector componentHn

(k) this cyclone interacts with
(m,n,r 5x,y,z; mÞn, mÞr , nÞr ).

~4! The amplitude of the generated secondary magn

field vector component,uH̃m
(k)u, grows with the size of the

cyclone L r( l ) @determined by its levell, Eq. ~3!# and the
amplitude of the primary magnetic field vector compone
Hn

(k) .
~5! The direction of the generated secondary magn

field vector componentH̃m
(k) is positive or negative depend

ing on the kind of cycloneL r( l ) and the direction of the
primary magnetic field vector componentHn

(k) ~Fig. 4!.
So, each cyclone interacts with two of the three comp

nents of the local magnetic field in the considered dom
and contributes to the two components of the second
magnetic field orthogonal to its direction of motion.

In turn, as in@34#, the existing local magnetic field reac
on the intensity of coupling, relaxing and annihilation, due

FIG. 3. Different steps of the evolution of cyclones. Strong c
clones are plotted by solid lines; weak cyclones are plotted
dashed lines. Arrows show directions of the cyclone’s motion a
rotation.
5-4
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UP AND DOWN CASCADES: THREE-DIMENSIONAL . . . PHYSICAL REVIEW E 65 061105
the effect of the electromagnetic attraction or repulsion of
electric currents associated with the cyclones.

III. EVOLUTION OF CYCLONES

In this section we give a detailed description of all of t
steps of the cyclones evolution. The main principles are
same as in@33#; there are, however, some changes due to
three-dimensional approach.

As all six domains are similar, we describe the system
one particular local domain without indicating its numb
dropping index (k); however, we do keep in mind that th
local magnetic field, basis vectors, and cyclones are diffe
in the different domains. Constant parameters, on the c
trary, are generally assumed to be the same for all the
mains~otherwise it will be specified!.

A. Turbulent appearance

Cyclones randomly appear at all levels of the system
cause of the multiscale turbulence flow~Fig. 3!. The full
developed turbulence is assumed to be isotropic at low sc
l<L0, but to present anisotropy at higher scalesL0, l<L;
turbulence at high scales is oriented along the Earth’s r
tion axis. The intensity of turbulent appearance of cyclone

«x~ l !5«y~ l !5«z~ l !5a0h l , l ,L0,

«x~ l !5«y~ l !50, L0< l<L, ~4!

«z~ l !5azhz
l , L0< l<L.

Continuity atl 5L0 implies

az5a0S h

hz
D L0

. ~5!

FIG. 4. Interaction between vector componentsHr
(k) (r

5x,y,z) of the local magnetic field with cyclones of differen
kinds.
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Cyclones of kindL i at level l appear with intensity« i( l )
defined by Eq.~4!, ~here we denote byi the axisx, y, or z).

B. Coupling of strong cyclones of the same kind

Appearance of a new cyclone at the higher levell 11
from two strong cyclones of the same kind at levell is re-
ferred to as acoupling ~Fig. 3!. Two kinds of coupling are
assumed: coupling of pairs ofneighborcyclones, coupling of
isolated cyclones. We denote the intensity of coupling
a r( l ,t) for adjacent cyclones andg r( l ,t) for isolated cy-
clones (r denotes the directionx, y, or z, l is a scale level,t
is the time!. The intensity of coupling is in both cases take
proportional to the square of the electric current density, d
sity which is itself proportional to the corresponding comp
nent of the present magnetic field; so the intensities of c
pling depend on the square of the local magnetic fi
components as follows.

1. Coupling of neighbors

ax~ l ,t !5$12exp@2a0~Hy
21Hz

2!#%m l ,

ay~ l ,t !5$12exp@2a0~Hx
21Hz

2!#%m l , ~6!

az~ l ,t !5$12exp@2a0~Hx
21Hy

2!#%m l .

The scaling parameterm (0,m,1) expresses a lowe
probability of coupling for larger cyclones;a0 is a given
dimensional constant.

2. Coupling of isolated cyclones

gx~ l ,t !5$12exp@2g0~Hy
21Hz

2!#%gl , ~7!

gy~ l ,t !5$12exp@2g0~Hx
21Hz

2!#%gl , ~8!

gz~ l ,t !5$12exp@2g0~Hx
21Hy

2!#%gl . ~9!

The scaling parameterg has the same meaning asm in
Eq. ~6!, g0 is a given dimensional constant.

We assume that the new cyclones generated by the
pling appear first at free places~without neighbors!: the ap-
pearence of a new isolated cyclone is favored with respec
the appearence of a new pair of adjacent cyclones@33#.

C. Relaxing of strong cyclones

Strong cyclones arerelaxing into the weak state~Fig. 3!
with intensity

D~ l !5D0d l , ~10!

whered,1 is a scaling parameter that expresses the incr
ing stability of cyclones with level.

D. Annihilation of adjacent cyclones

We assume that in the case two adjacent cyclones at
each other due to the electromagnetic force, but can
couple because of their different directions of motion, th
5-5



he
e

cy
t

n

:

a

of
d

-

-
gr
l

th
o

th
d

g
m
by

s

tic
po-
s

y-

on-
unt

f

-
n-

n

-

y

E. M. BLANTER, M. G. SHNIRMAN, AND J. L. LE MOUËL PHYSICAL REVIEW E 65 061105
destroy one another with a probability proportional to t
square of the corresponding component of the magnetic fi
This process is referred to as theannihilation ~Fig. 3!. Anni-
hilation means transition to the weak state for a strong
clone, and disappearance for a weak cyclone. Just as
intensity of coupling, the intensity of annihilation is writte
as follows:

Sx~ l ,t !5$12exp@2S0~Hy
21Hz

2!#%s l ,

Sy~ l ,t !5$12exp@2S0~Hx
21Hz

2!#%s l , ~11!

Sz~ l ,t !5$12exp@2S0~Hx
21Hy

2!#%s l .

E. Disintegration of weak cyclones„direct cascade…

Weak cyclones disintegrate with the following intensity

b~ l !5b0bl . ~12!

As a result, new cyclones of the same kind appear at
lower levels of the system~Fig. 3! with the intensity

k~L,l ,t !512expH 2F0 (
l5 l 11

L

@B~L,l,t !1w„B1~L,l,t !

1B2~L,l,t !…#fl2 lJ , ~13!

whereB(L,l,t) is the density of disintegrated cyclones
type L at level l at time t. The number of disintegrate
cyclonesB(L,l,t)N(l) @variableN(l) is the total possible
number of cyclones coexisting at levell# is a Poissonian
random variable of parameterb( l )W(L,l,t21), where
W(L,l,t) denotes the number of weak cyclones of typeL at
level l at time t21. The contributions of cyclones disinte
grating in the two neighbor domains@k21 andk11~mod
6!#, denotedB1(L,l,t) and B2(L,l,t), are taken into ac-
count with weightw. Interaction of cyclones in different do
mains is realized via the just described process of disinte
tion and controlled by the parameterw that is very essentia
for the synchronous evolution of the model.

IV. EVOLUTION OF THE LOCAL MAGNETIC FIELDS

We consider the different processes contributing to
evolution of the magnetic field, and model them in terms
losses and gains of the local magnetic field vectorsH(k). Let
us consider a vector componentHr

(k) (r 5x, y or z) in thekth
local domain and describe which processes contribute to
evolution in the time interval@ t,t11#.

Dissipation.We assume that the magnetic field streng
permanently decreases because of Ohmic dissipation,
noted asD, proportional to the actual strength of the ma
netic field itself. The dissipation being isotropic, we assu
that all components of the magnetic field are multiplied
(12D) for each time step of the modeling.

Losses due to the interaction with cyclones.The magnetic
field componentHr interacts with cyclones whose direction
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of motion are along the local axesmÞr , with a contribution
to the magnetic field componentsqÞr , qÞm. This interac-
tion requires a transfer of energy from the existing magne
field; therefore we assume a loss of intensity of the com
nentHr proportional to bothHr and a global characteristic
of the cyclones,D̃r . This characteristicD̃r is the sum of
characteristicsU(L) for all the kinds of cyclonesL interact-
ing with the magnetic field componentHr : it gives

D̃x~ t !5(
Ly

U~Ly ,t !1(
Lz

U~Lz ,t !,

D̃y~ t !5(
Lx

U~Lx ,t !1(
Lz

U~Lz ,t !, ~14!

D̃z~ t !5(
Lx

U~Lx ,t !1(
Ly

U~Ly ,t !.

We write U(L) as a weighted sum of the numbers of c
clones of kindL and level l, the weight of the cyclones
increasing with their scale level. The difference between c
tributions of strong and weak cyclones is taken into acco
through two parametersh1 andh2, it is

U~L,t !5(
l 51

L

@h1N1~L,l ,t !1h2N2~L,l ,t !#x l . ~15!

The scaling parameterx.1 leads to a larger contribution o
high scale levels;N1(L,l ,t) andN2(L,l ,t) denote, respec-
tively, the number of strong and weak cyclones of typeL
and levell, weighting constantsh1 andh2 are normalized in
order to avoid difficulties with high-level systems (L→`):

h15h0
1S (

l 51

L

x l D 21

, ~16!

h25h0
2S (

l 51

L

x l D 21

. ~17!

Gains due to the interaction with cyclones.There are two
additive contributionsAi

j and Aj
i to the componentHr be-

cause of the interaction of the two componentsHi andH j ,
respectively, (iÞ j Þr ) with cyclones. The additive contribu
tion Ai

j may be positive or negative depending on the orie
tation of the cyclone with respect to thei th axis and on the
sign of the componentH j . We determine the sign of the
contributionAi

j from a matrixG of 61. The componentG i
L j

gives the sign of the contribution to the componentr (rÞ i
Þ j ) resulting from the interaction of a cyclone of kindL j
with the i th component of the local magnetic field~Fig. 4!.
Just as the lossD̃ described above, the additive contributio
Ai

j is proportional to the sumU(L j ) defined by Eq.~15!,
which counts the cyclones of kindL j characterized by a
motion directed alongj th axis.

The additive termAi
j contains two contributions: a trans

fer of energy fromHi to Hr due to the interaction ofHi with
cyclones, proportional toHi , and a transfer of kinetic energ
5-6
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from the motion of cyclones toHr . The second contribution
also depends onHi because the transfer of energy from t
motion is the result of the interaction between the magn
field and cyclones, and it is zero when the intensity of
magnetic field is zero. For large values of the magnetic fi
intensity, the contributionAi

j to the magnetic field canno
increase faster thanHi ~otherwise an unlimited growth of th
magnetic energy would be possible!; a saturation mechanism
is necessary. On the other hand, when the magnetic fie
weak, the increase of the field energy is mainly governed
the transfer of kinetic energy from the system of cyclon
This last condition suggests the way the kinetic energy tra
ferred from the cyclones to the magnetic field can depend
Hi : we take it proportional toAHi ~this choice is rather
arbitrary!. Finally we assume the following expression f
Ai

j :

Ai
j5(

L j

U~L j ,t !AkHi
2~ t !1H0uHi~ t !uG i

L j , ~18!

where 0,k,1 is a dimensionless constant that governs
loss of energy during the transfer from the componentHi to
Hr ; H0 is a constant determining the transfer of the kine
energy of cyclones to the magnetic field and has the s
dimension asHi . When the magnetic field intensityHi is
strong enough the quantity below the square root in Eq.~18!
is determined by its first termkHi

2 , and therefore the contri
bution Ai

j is proportional to theHi , as said above.
Finally the expression of the variation of the local ma

netic field components fromt to t11 gives

Hx~ t11!5Hx~ t !~12D!@12D̃x~ t !#1Ay
z1Az

y ,

Hy~ t11!5Hy~ t !~12D!@12D̃y~ t !#1Ax
z1Az

x , ~19!

Hz~ t11!5Hz~ t !~12D!@12D̃z~ t !#1Ax
y1Ay

x .

V. RESULTS

In previous sections we have written the equations g
erning the evolution of our model. The results presented
low are obtained from a random simulation of these eq
tions; in other words we are considering a stochastic proc
whose mean values are governed by the proposed equa

The detailed registration of the evolution of the magne
field of the Earth covers less than 150 years. However
evolution of the amplitude of, essentially, the axial dipo
part of the field can be reconstructed from paleomagn
data, which are in fact time averaged. In order to better co
pare our model with paleomagnetic data we also averag
time the magnetic field vectorH: we look at the evolution of
the vectorH(tk) defined as the mean value of the vec
H(t) over the time interval (tk2T,tk). In the simulations
below T5100.

There are two features of the geomagnetic field that
wish to reproduce in our model. First, the main part of t
real geomagnetic field is its axial dipolar component;
terms of our model, theZ component of the global magnet
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field has to be much larger than the other two compone
Second, the real geomagnetic field has long periods of c
stant polarity while its changes of polarity are relatively fa
we expect such a behavior for the magnetic fieldH of our
model.

A. Choice of numerical values of parameters

At first view it could be thought that the model, contai
ing many free parameters, would give any behavior of
system one might wish. But we never vary all the para
eters; on the contrary we choose for most of them reason
values, which are afterwards kept constant, after only che
ing that the results are stable with respect to small variati
of these parameters. In any case, changing the param
always carries a clear physical meaning, which can be
cussed in relation with the system behavior~see below!. Not-
withstanding, not to arbitrarily restrict the model, we ha
written the equations in a general form.

We fix the parameters using a few simple principles. Fi
we get from the first simple model@33# information about
the values that allow to obtain long-term symmetry brea
ings. The investigations of this previous model inde

FIG. 5. Evolution of the mean magnetic field in the case
small values ofH0.
5-7
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showed that, in order to obtain these long-term symme
breakings, some conditions must be fulfilled:~a! the intensi-
ties of the inverse or direct cascades must not get too sm
~b! the intensity of the appearance of the turbulence must
be too small or too large compared to the inverse of
lifetime of cyclones~nevertheless, for a fixed lifetime of cy
clones, a range of two orders of magnitude is still admiss
for the turbulence intensity!. Coming to the present model,
also transpires that a nonzero influence coefficientw between
the different domains@see Eq.~13!# is required. Taking a se
of reasonable values of the system parameters, we des
however quite a general case of model behavior.

B. Phase transition throughH 0

The value ofH0 governs the possibility to amplify the
magnetic field using the energy of the turbulent helical m
tion when the intensity of the local magnetic field is close
zero. In this case indeed the main term in the square roo
the right-hand side of Eq.~18! is AH0uH j u. When H0 is
small, the amplitude of the generated field is close to ze
and long chrons~intervals of constant polarity! do not appear
in the evolution of theZ component of the field~Fig. 5!.

WhenH0 is large enough theZ component of the field is
generally ten times larger than the two other compone

FIG. 6. Evolution of the mean magnetic field in the case of h
values ofH0.
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FIG. 7. The phase transition by the parameterH0 of the mean
relative amplitude of theZ componentHz /H0 ~curve 1! and the 5%
quantile of cos(u) ~curve 2!.

FIG. 8. Temporal evolution of the amplitude~a! of the mean
magnetic field and the angle~b! between the vector of the field an
theZ axis. High values of the angle correspond to the low abso
values of the amplitude.
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~Fig. 6!. The evolution of theZ component is then characte
ized by long-life intervals of constant polarity~chrons!, with
quick changes of polarity~reversals!, ~Fig. 6!. A high inten-
sity magnetic field can be generated from arbitrarily low i
tial values~as in the 2D model of@34#!. So, the two basic
properties of the real geomagnetic field evolution are s
cessfully reproduced.

A phase transition from the first state~Fig. 5! to the sec-
ond one~Fig. 6! occurs around a critical valueH0

cr of the
parameterH0. Let us consider the ratiouHzu/H0 as a function
of H0 whereuHzu is the amplitude of theZ component of the
mean magnetic field vectorH defined above. It is clear@see
graph~1! of Fig. 7# thatHz increases stepwise, by more tha
an order of magnitude whenH0 passesH0

cr . In both phases
H0,H0

cr as well asH0.H0
cr , the ratiouHzu/H0 is constant,

which means that the amplitude of the resulting field is p
portional to the energy transfer from the turbulent motion
the magnetic field~Fig. 7, curve 1!.

Let us calculate the angleu between the magnetic fiel
vectorH and itsZ componentHz :

cos~u~ t !!5
uHzu

AHx
2~ t !1Hy

2~ t !1Hz
2~ t !

. ~20!

When the magnetic field of the model is axial dipolar,H
reduces to itsZ component;u value is an estimate of th
relative intensity of the non~axial!dipole component of the
generated magnetic field.

Looking at the temporal evolution of the angleu for large
H0 ~Fig. 8!, it appears that the generated field is close to
Z component inside a chron but may be quite far from
during a reversal or an excursion~Fig. 8!. Inside a period of
constant polarity the mean value ofu is about 7°. The nor-

FIG. 9. Density functions of the distribution of angles betwe
the mean magnetic field vectorH and theZ axis for different values
of the parameterH0 : H051, curve 1;H0510, curve 2;H0515,
curve 3;H0520, curve 4;H0550, curve 5.
06110
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malized distribution function foru values tends toward a
very sharply peaked function whenH0 grows~Fig. 9!. Let us
consider the 5% quantile of the distribution function. Th
quantity also presents a phase transition in the same inte
the amplitude did~Fig. 7, curve 1!. For overcritical values of
H0 the generated field is close to a dipolar field parallel
the Z axis for 95% of time~the probability of having angle
u,14° is larger than 0.95 for allH0.Hcr).

VI. DISCUSSION

The present work is a step forward in our construction
a self-excited three-dimensional model of the geomagn
field. It is well known that the magnetic field of the Earth
mainly axial dipolar. This axial symmetry was assumed
the construction of the first models@33,34#, and conditions
for long-life symmetry breaks~chrons! were obtained. In the
present model we use a more general 3D construction
find that the axial symmetry introduced in the system
turbulent cyclones~linked with the Earth’s rotation! results
under certain conditions in an axial symmetry of the gen
ated field.

The present model conserves the basic achievement o
previous ones@33,34#: it generates a magnetic field wit

FIG. 10. Evolution of the amplitude~a! and the angle~b! of the
mean magnetic field vectorH in the case of isotropic turbulence.
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long-life breaks of symmetry, reproducing the behavior
the magnetic field of the Earth during geological times.

The generalization from 2D to 3D model adds an ad
tional necessary condition for long-life symmetry brea
~long constant polarity intervals! to occur: the transfer o
kinetic energy from the system of cyclones to the magn
field has to be strong enough. It is evident that in a dissi
tive self-excited system we have to assume some sourc
energy in order to obtain a nontrivial stationary behavi
transfer of kinetic energy from the motion of cyclones see
quite natural. The level of this transfer appears to be esse
not only to the generation of a nonzero magnetic filed,
also to the polarity changes of its dipole component. Sy
metry breaks in the 3D model are conditioned by a h
enough activity of three basic processes: the direct casc
the inverse cascade, and the energy transfer. The influen
the up and down cascades was derived in the 2D mode
the 3D model we obtain a phase transition governed by
intensity of the energy transfer from the system of turbul
cyclones to the generated magnetic field.

The present model has a schematic construction and
scribes the evolution of cyclones in a cylindrical layer rath
than in a spherical volume. It allows, however, to estim
the influence of the model characteristics on the relations
between the analog axial dipole and nondipole compon
of the generated field. For example, it was shown that
isotropic turbulence~when the turbulence is isotropic at a
levels even the highest one! leads to long-life periods o
weak intensity of theZ component of the field~Fig. 10!. As
paleomagnetic data do not reveal such a behavior of the
magnetic field, we have to assume an anisotropy of the
ik
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bulence in the model~the situation might be different fo
other planets!. We intend to refine the construction of th
model to be able to better simulate the geometric proper
of the real geomagnetic field.

Modelization of the magnetic field of celestial bodie
should not be limited to the Earth’s case. The departure
the magnetic field of the giant planets from the field of
axial centered dipole can be quite large. Jupiter’s field is r
in harmonies ~multipoles!; Uranus’s dipole is strangely
shifted from the planet center and its direction far from t
rotation axis one; on the contrary Saturn’s field is surpr
ingly close to the field of an axial centered dipole. Cons
ering Earth-like planets, it is quite likely that Mercury has
dynamo functioning in its metallic core, while Mars and V
nus have not. Mars magnetic field, which is known in so
detail @43,44#, is a fossil field like the Moon one. Recentl
the Galileo mission brought spectacular and unexpected
sults about the magnetic fields of Jupiter’s satellites~e.g.,
@45–49#!. Ganymede and Io have intrinsic magnetic fiel
~although Io’s field might be generated by magnetoconv
tion in the Jovian background magnetic field, whereas
autoexcited dynamo in a metallic core is the preferr
mechanism for Ganymede@48#. The variety of histories,
compositions, and situations of the planets and moons fe
dynamo modeling with new constraints and questions.
example, it has been suggested that as a consequence
ambient Jovian field the Ganymede dynamo cannot unde
reversals; this is easy to look at in the frame of the abo
model. All these observations should feed further reflectio
about the general considerations at the basis of the pre
model.
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